We study an exterior Dirichlet problem for the homogeneous complex Monge-Ampère equation that arises in the pluripotential theory. As a consequence we prove the C 1,1 regularity of the plruicomplex Green function for the union of a finite collection of strongly pseudoconvex domains in C n .
Introduction
For a bounded subset E of C n , the pluricomplex Green function of E (with pole at infinity) is defined as
where L denotes the collection of plurisubharmonic functions v on C n of minimal growth, that is v(z) ≤ log |z| + O(1) as |z| → ∞.
This function, which is also known as the Siciak-Zahariuta L-extremal function, was first introduced by Siciak [22] (in an essentially equivalent form) and Zahariuta [25] in 2 B. Guan the study of polynomial approximation of holomorphic functions of several variables and Bernstein-Walsh type theorems. It has proved to be a useful tool in the pluripotential theory, and has found applications in a wide range of problems in complex analysis (see e.g. [1] , [16] and [21] ).
For a compact set E in C n , the continuity of V E is equivalent to the BernsteinMarkov inequality: For any t > 0 there exists an open set U ⊃ E such that p U ≤ e td(p) p E for any polynomial p, where d(p) is the degree of p ( [25] , [23] , [24] ). Other criteria for continuity of V E have been discovered by various authors; see [1] , [16] , [21] and references therein. This has been an important issue in applications.
In this article we are interested in the higher regularity of the pluricomplex If ∂Ω ∈ C 1 then V Ω is continuous and is the unique weak solution of problem (1.1) (see, e.g. [11] and [16] ). The uniqueness of solution to problem (1.1) also follows from a general theorem of Bedford and Taylor [6] :
The homogeneous complex Monge-Ampère equation (dd c u) n = 0 is degenerate, and this poses substantial difficulties to questions on the regularity of solution to problem (1.1). In [20] Lempert studied the problem using an interesting approach when Ω is a smooth strictly convex domain. By constructing an analogue of the Kelvin transformation for the complex Monge-Ampère operator he demonstrated that problem (1.1) can be reduced to a Dirichlet problem (for the same equation) in a bounded domain but with a logarithmic pole inside, which was studied in his earlier work [19] . Consequently he was able to prove that problem (1.1) admits a unique solution in C ∞ (Ω c ) for strictly convex Ω. This is a remarkable result because, in general, solutions to the degenerate complex Monge-Ampère equation, even with smooth data, may fail to be in C 2 ([2] , [3] , [12] ). The method in [20] actually applies to strictly linearly convex domains. However, whether it can be extended to more general cases is not clear; see for example [1] . In this article, Pluricomplex Green Functions 3
we shall treat problem (1.1) directly using elliptic PDE methods for strongly pseudoconvex domains. More generally, let Ω 1 , . . . , Ω N be bounded smooth strongly pseudoconvex domains in C n with Ω i ∩ Ω j = ∅ (i = j) and we shall consider the case
Our main result may be stated as follows. 
The estimate in (1.5) shows certain resemblance beyond (1.4) between V Ω and log |z| which is the pluricomplex Green function of the closed unit ball. We also note that Green functions with interior logarithmic poles was studied by Lempert [19] , Blocki [7] , [8] and the author [13] .
The proof of Theorem 1.1 is contained in Section 3. We approximate problem (1.1)
by a nondegenerate complex Monge-Ampère equation which depends on a parameter ε over bounded domains of the form
we shall use the subsolution method in [14] and [13] to show the existence of solutions to these approximations. To this end, we apply some techniques from [15] to construct a strictly plurisubharmonic function in Ω c which will be used as a subsolution; this is where we need condition (1.3). We then focus on deriving a priori C 2 estimates independent of ε, and R. In Section 2 we derive some general maximum principles which will be used in the proof of (1.5) and are of independent interest themselves.
Maximum principles for |∇u| and ∆u
In this section we develop some technical tools which will be used in the proof of our main theorem. We first briefly recall some commonly used notations.
when there is no confusion, and
Recall that u is strictly plurisubharmonic if the complex Hessian matrix {u jk } is positive definite. In this case, {u jk } will denote the inverse of {u jk }, that is, u ik u jk = δ ij . The complex Monge-Ampère operator (dd c u) n is given by
where dV is the volume form of C n ; the definition of (dd c u) n extends to general locally bounded plurisubharmonic functions ( [5] ).
Let Ω be a domain in C n and u ∈ C 4 (Ω) a strictly plurisubharmonic solution of the Monge-Ampère equation
Let L be the linearized operator:
PROOF. We start with some basic formulas. First,
Differentiating Equation (2.1) we obtain
Thus, from (2.6) and (2.7),
We also note that
By Cauchy-Schwarz inequality,
It follows that
This proves (2.2).
To derive (2.3) we note that, similarly,
Differentiating Equation (2.1) twice yields
On the other hand,
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Combining (2.9), (2.4), (2.10), (2.11) and (2.12) we obtain (2.3).
COROLLARY 2.2.
Let η be a convex function defined on R.
PROOF. If e η(u) |∇u| 2 attains its maximum at an interior point z 0 ∈ Ω then by (2.2) we have
Replacing η by 2η we prove part (a). Part (b) can be derived similarly.
Proof of Theorem 1.1
We first construct a smooth strictly plurisubharmonic function defined on Ω c which vanishes on ∂Ω using condition (1.3). Without loss of generality let us assume that 
Using the smoothing technique of P.-F. Guan [15] we can construct a strictly plurisubhar-
From the construction in [15] (Proposition 1.1 and Lemma 3.2 (ii)) we see that
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We now state our main result of this section, from which we shall derive Theorem 1.1 by letting ε → 0. 
Moreover, u ε satisfies the following a priori estimates:
and
where C is independent of ε.
PROOF. The uniqueness follows a theorem of Bedford-Taylor [6] . We shall focus on the existence part. For fixed R ≥ 2 let Σ R = B R \ Ω and consider the Dirichlet problem Note that ψ ε > 0 and u ε is a smooth strictly plurisubharmonic subsolution of problem (3.13). Theorem 1.1 of [13] indicates that there exists a unique strictly plurisubhar- (3.13) . By the maximum principle,
when R ≥ R ≥ 2 since these inequalities hold on ∂Σ R and det(log |z|) ij = 0.
It follows from (3.14) that
exists and satisfies estimates (3.10) for all z ∈ Ω c . The rest of this proof is to show that
) and satisfies problem (3.9), and the estimates (3.11), (3.12).
We shall first derive the corresponding estimates for u ε,R :
where C is a positive constant independent of ε and R. For convenience we write u = u ε,R and u = u ε .
Consider the function
and let h = h R ∈ C 1,1 (Σ R ) be the unique plurisuharmonic solution of the problem (see [15] )
by the maximum principle we have
where ν denotes the interior unit normal to ∂Σ R so it is interior to ∂B R but exterior to ∂Ω,
for some uniform positive constants c 1 and c 2 independent of ε and R. In fact we may choose
Note that |u ν | = 2|∇u| on ∂Σ R since u is constant in each component of ∂Σ R . By (3.22) and (3.23) we have
where
from (3.21) we see that C 1 is independent ε and R.
To complete the proof of (3.17) we next estimate the second derivatives of u on ∂Σ R . Let us first consider ∂B R . Suppose R ≥ 4 and let
By (3.15) and (3.21) we have
where, with = ε/R,
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By (3.22), (3.24), (3.25) and (3.26) we have
(3.29)
where Λ is a non-negative function. We have
For an arbitrary point p ∈ ∂B 1 , we choose coordinates of C
such that p is given by ξ 1 = 1, ξ 2 = · · · = ξ n = 0. We have at p,
Therefore, by (3.29) and (3.30),
Furthermore, by the estimates in [9] for mixed tangential-normal derivatives we obtain
Finally, solvingũ ξ 1 ξ1 from Equation (3.27) and using (3.32)-(3.34) we derivẽ
In both (3.34) and (3.35) the constant C is independent of . Since |ũ t 2 t 2 (p)| ≤ 1 by (3.32), we see that (3.35) implies
Combining this with (3.32) and (3.34), we have proved
By rescaling we obtain a priori estimates for all (real) second derivatives of u on ∂B R :
where C is independent of ε and R.
Similarly one can derive the estimate for second derivatives on ∂Ω |D 2 u| ≤ C on ∂Ω independent of ε and R. (3.39) In fact, the estimate for the mixed tangential-normal derivatives is derived in [13] . (We note here that ∂Ω is pseudoconcave with respect to Ω c .) To estimate the double normal derivative on ∂Ω we observe that
for any unit complex tangent vector ξ to ∂Ω, where c 0 > 0 is independent of ε and R, since u = u = 0 on ∂Ω which is pseudoconcave. Therefore, we can proceed as in (3.35).
Now we apply Corollary 2.2 (b) with η(u) = 2u, ψ(z, u) = log ψ ε (z) which satisfies
and, by (3.38) and (3.39),
where C 2 is independent ε and R. Combining with (3.24) this proves (3.17) . Note that (3.40) is equivalent to
since u is plurisubharmonic.
In order to obtain global estimates (3.18) for all (real) second derivatives we write
We now consider any unit vector t in R 2n . Differentiating Equation (3.42) twice with respect to t we obtain as in (2.10),
by the concavity of F.
B. Guan
Let s = r 0 / √ n > 2 −n r 0 ≥ ε and consider the function
By the concavity of F and (3.6),
It is easy to see that the ratio ψ s (z)/ψ ε (z) is increasing in |z|. Therefore,
Consequently, by (3.43) and (3.44),
for a > 0 sufficiently small, depending on n and r 0 but independent of ε and R. By the maximum principle, Therefore, by (3.46),
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from which follows (3.18).
Next, for any fixed R 0 ≥ 2, it follows from (3.14) (3.17) and (3.18) that u ε,R C 2 (Σ R 0 ) ≤ C 2 = C 2 (R 0 ) independent of R and ε (3.48)
for all R ≥ R 0 . By the Evans-Krylov theorem we obtain for 0 < α < 1
Here the constant may depend on ε and C 2 in (3.48) as does the ellipticity constant of Equation (3.13). By compactness we may find a sequence R 1 , R 2 , . . ., R j → ∞ as j → ∞ such that
where the function u ε is defined in (3.16). Therefore u ε is a strictly plurisubharmonic solution of (3.9) and satisfies the a priori estimate
By (3.17) and (3.18) u ε satisfies (3.11) and (3.12). Finally, from the classical Schauder theory we have u ε ∈ C ∞ (Ω c ). The proof of Theorem 3.1 is complete.
We note that Theorem 1.1 clearly follows from Theorem 3.1. Indeed, for any sequence ε j → 0 by (3.10), (3.11) and (3.12) there is a subsequence of {u ε j } converging to a function u in C 1,α norm on any compact subset of Ω c (for any 0 < α < 1). Thus u ∈ C 1,1 (Ω c ) and satisfies problem (1.1) and the estimates (1.4)-(1.6).
